The purpose of this paper is to extend some recent common coupled fixed point theorems in two G-metric spaces in an essentially different and more natural way. We also provide illustrative examples in support of our new results. MSC: 47H10; 54H25
Introduction and preliminaries
In , Mustafa and Sims [] introduced a new structure of generalized metric spaces, which are called G-metric spaces, as follows. 
for all x, y, z ∈ X, and let F : X × X → X, g : X → X be two mappings satisfying 
Common coupled fixed points
We begin with an example to illustrate the weakness of Theorem . above.
for all x, y ∈ X. For (x, y) = (u, v) = (, ) and (s, t) = (, ), we have 
Then it is easy to see that there is no k ∈ [,
Thus, Theorem . cannot be applied to this example. However, it is easy to see that (, ) is the unique common coincidence point of F and g.
Now we shall prove our main results.
, we can choose x  , y  ∈ X such that gx  = F(x  , y  ) and gy  = F(y  , x  ). Similarly, we can choose x  , y  ∈ X such that gx  = F(x  , y  ) and gy  = F(y  , x  ). Continuing in this way, we construct two sequences {x n } and {y n } in X such that
It follows from (.), (.), (G) and Proposition . that
which implies that
Similarly, we can prove that
(.)
By combining (.) and (.), we obtain
Repeating the above inequality (.) n times, we get
Next, we shall prove that {gx n } and {gy n } are G-Cauchy sequences in g(X). In fact, for each n, m ∈ N, m > n, from (G) and (.), we have
which implies that Hence {gx n } and {gy n } are G  -Cauchy sequences in g(X). By G  -completeness of g(X), there exist gx, gy ∈ g(X) such that {gx n } and {gy n } converge to gx and gy, respectively. Now we prove that F(x, y) = gx and F(y, x) = gy. In fact, it follows from (G) and (.) that
Letting n → ∞ in the above inequality, we obtain
By (.) we have that a  + a  + a  + a  + a  < . Hence, it follows from (.) that G  (F(x, y) , gx, gx) = , and so F(x, y) = gx. In the same way, we can show that F(y, x) = gy. Hence, (gx, gy) is a coupled point of coincidence of mappings F and g. Next we prove that gx = gy. In fact, from (.) we have 
In a similar way, we can show that
Since a  +a  -(a  +a  +a  +a  +a  +a  +a  +a  ) < , from (.) and (.), we must have G  (gx, gy, gy) =  so that gx = gy. Thus, (gx, gx) is a coupled point of coincidence of mappings F and g. Now, we claim that a coupled point of coincidence is unique. Suppose that there is another x * ∈ X such (gx * , gx * ) is a coupled point of coincidence of mappings F and g, then by
(.) we have 
In the same way, we can show that
Since a  -(a  +a  +a  +a  +a  +a  +a  +a  +a  ) < , from (.) and (.), we must have G  (gx, gx * , gx * ) =  so that gx = gx * . Hence, (gx, gx) is a unique coupled point of coincidence of mappings F and g. Now we show that F and g have a unique common coupled fixed point. For this, let gx = u. Then we have u = gx = F(x, x). By w * -compatibility of F and g, we have
Thus, (gu, gu) is a coupled point of coincidence of F and g. By the uniqueness of a coupled point of coincidence, we have gu = gx. Therefore, u = gu = F(u, u).
To prove the uniqueness, let u * ∈ X with u * = u such that
By using (.), following the same arguments as in the proof of (.) and (.), we obtain
and In Theorem ., take G-metrics on X such that G  (x, y, z) ≤ G  (x, y, z) for all x, y, z ∈ X, and let F : X × X → X, g : X → X be two mappings satisfying G  F(x, y), F(u, v), F(s, t) ≤
is a G  -complete subspace of X, and F and g are w * -compatible, then F and g have a unique common coupled fixed point.
In Theorem ., take s = u and t = v to obtain the following corollary, which extends and generalizes the corresponding results of [, , ]. y, z) for all x, y, z ∈ X, and let F : X × X → X, g : X → X be two mappings satisfying
Corollary . Let G  and G  be two G-metrics on X such that G
for all (x, y), (u, v) ∈ X × X, where a i ≥ , for i = , , . . . ,  and If we take α = a  , β = a  , γ = a  , δ = a  and a  = a  = a  = a  = a  = a  = a  = a  = a  = a  =  in Theorem ., then the following corollary is obtained.
If F(X ×X) ⊂ g(X) and g(X) is a G
Corollary . Let G  and G  be two G-metrics on X such that G  (x, y, z) ≤ G  (x, y, z) for all x, y, z ∈ X, and let F : X × X → X, g : X → X be two mappings satisfying
and g(X) is a G  -complete subspace of X, and F and g are w * -compatible, then F and g have a unique common coupled fixed point.
If we take
, then the following corollary is obtained.
Corollary . Let G  and G  be two G-metrics on X such that G
for all x, y, z ∈ X, and let F : X × X → X, g : X → X be two mappings satisfying If we take α = a  , β = a  , γ = a  and a  = a  = a  = a  = a  = a  = a  = a  = a  = a  = a  =  in Theorem ., then the following corollary is obtained.
If F(X ×X) ⊂ g(X) and g(X) is a G
Corollary . Let G  and G  be two G-metrics on X such that G  (x, y, z) ≤ G  (x, y, z) for all x, y, z ∈ X, and let F : X × X → X, g : X → X be two mappings satisfying
which is a contradiction. So that
This implies that
In a similar way, we obtain
Repeating inequalities (.) and (.), we obtain
By virtue of inequalities (.) and (.), for each m, n ∈ N, m > n, repeated use (G) of a G-metric gives 
